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Abstract

An (a,d)-edge-antimagic total labeling of G is a one-to-one mapping f taking
the vertices and edges onto {1,2,3,...,p 4+ ¢} .So that the edge-weights w(uv) =
fu) + f(v) + f(w),uww € E(G), form an arithmetic progression {a,a + d,a +
2d,...,a+ (¢ — 1)d}, where a > 0 and d > 0 are two fixed integers, and form an
arithmetic sequence with first term a and common difference d. Such a graph G
is called super if the smallest possible labels appear on the vertices. In this paper
we survey what is known about super edge-antimagic total labelings properties of
disconnected Stair graph (St,).

Keywords : (a,d)-edge-antimagic total labeling, super (a,d)-edge-antimagic total la-
beling, Stair graph.

1 Introduction

In mathematics and computer science, graph theory a content to study of graphs,
mathematical structures used to model pairwise relations between objects from a certain
collection. A ”graph” in this context refers to a collection of vertices or 'nodes’ and a
collection of edges that connect pairs of vertices. A graph may be undirected, meaning
that there is no distinction between the two vertices associated with each edge, or its
edges may be directed from one vertex to another. Graphs are one of the prime objects
of study in discrete mathematics.

A labeling of a graph is any mapping that sends some set of graph elements to a
set of positive integers. If the domain is the vertex-set or the edge-set, the labelings
are called, respectively, vertex labelings or edge labelings. Moreover, if the domain is
V(G)UE(G) then the labelings are called totallabelings. We define the edge-weight of an
edge uv € E(G) under a total labeling to be the sum of the vertex labels corresponding
to vertices u, v and edge label corresponding to edge uv. If such a labeling exists then
G is said to be an (a, d)-edge-antimagic total graph. Such a graph G is called super if
the smallest possible labels appear on the vertices. Thus, a super (a, d)-edge-antimagic
total graph is a graph that admits a super (a, d)-edge-antimagic total labeling.



Definitions of (a,d)-EAT labeling and super (a,d)-EAT labeling were introduced by
Simanjuntak at al [25]. These labelings are natural extensions of the notion of edge-
magic labeling, dened by Kotzig and Rosa [17], where edge-magic labeling is called
magic valuation, and the notion of super edge-magic labeling, which was defined by
Enomoto, Llado, Nakamigawa and Ringel [11]. in [19], is natural extension of the
notion of edge-magic labeling defined by Kotzig and Rosa [2] (see also [17], [18], [12]
and [22]). The super (a,d)-edge-antimagic total labeling is natural extension of the
notion of super edge-magic labeling which was defined by Enomoto et al. in [14].

In this paper we investigate the existence of super (a, d)-edge-antimagic total labelings
of Stair graph, denoted by St,,.

2 Research Methods and Techniques

The research techniques are as follows: (1) calculate the number of vertex p and size
q on the graph St,; (2) determine the upper bound for values of d; (3) determine the
FEAVL (edge-antimagic vertex labeling) of St,,; (4) if the label of EAVL is expandable,
then we continue to determine the bijective function of EAVL; (5) label the graph St,
with SEATL (super-edge antimagic total labeling) with feasible values of d and (6)
determine the bijective function of super-edge antimagic total labeling of graph St,.

3 Some Useful Lemmas

We start this section by a necessary condition for a graph to be super (a,d)-edge
antimagic total, providing a least upper bound for feasible values of d.

Lemma 1 If a (p, q)-graph is super (a,d)-edge antimagic total then d < 22’;_7‘1175.

Proof. Assume that a (p,q)-graph has a super (a,d)-edge antimagic total labeling
f:V(G)UE(G) — {1,2,...,p+¢q}. The minimum possible edge-weight in the labeling
fisatleast 1+2+p+1=p+4. Thus, a > p+4. On the other hand, the maximum
possible edge-weight is at most (p — 1) +p+ (p+¢q) = 3p+ ¢ — 1. So we obtain
a+ (¢ —1)d <3p+ q— 1 which gives the desired upper bound for the difference d. O

4 Stair Graph

Let’s key n is the numbers of each stair. Stair graph denoted by St,, is a connected
graph with vertex set V(St,) = {i,yi, 25, qre; 1 <1 <n,1 < j <2n+2,1 <k <4n},
and E(St,) = {®iyi, Tizoi+1, Yiz2i+2, YiZ2i, YiQai—3, YiQai—2, Tiqai—1, Tiqai; 1 < i < n} U
{qqu_l; 1odd,1 <1 <4n-— 1} U {Zizi—I—l; 1odd,1 <1< 2n+ 1} U {Ziq%_l, Ziq2i; 1 odd, 1 <
i <2n— 1} U{ziq2i—4, ziq2i—5; 1 even, 4 < i < 2n + 2} Thus |V (St,)| =p =8n+ 2 and
|E(Stn)| = q=16n+ 1.

If Stair graph, has a super (a, d)-edge-antimagic total labeling then, for p = 8n+2
and ¢ = 16n + 1, it follows from Lemma 1, that the upper bound of d is d < 2 or



de{0,1,2}.

d < M
< 1
_ 2(8n+2)+16n+1-5
o 16n+1—1
_ 16n+4+16n—4
- 16n
_ 32n
~ 16n
< 2

The following lemma describes an (a, 1)-edge-antimagic vertex labeling for Stair Graph.

Theorem 1 Ifn > 2, then the Stair Graph connected St,, has an (a, 1)-edge-antimagic
vertex labeling.

Proof. Define the vertex labeling o : V(St,) — {1,2,...,8n + 2} in the following
way:

ar(z;)) =8i—3, for 1 <i<n

a1(y;)) =8i—2, for1 <i<mn

1Y +1
al(zj):4j—3—(()2+)3, for 1 <j<2n+2, any (
-1 k+1 1
a1(qr) :2]?‘1‘(()24_)7 for 1 <k <4n, any |

The vertex labeling «y is a bijective function. The edge-weights of St,,, under the la-
beling a;, constitute the following sets :

w, (ziy;) = 16i — 5, for 1<i<n

wal(xi22i+1) =16i -2, for 1<i<mn
w (zi29i-1) = 160 — 10, for 1<i<n
wp (ziqui) = 16i — 3, for 1<i<n
wgl(miq@_l) =16i—4, for 1<i<mn
wgl(yiz%_i_g) =16i, for 1<i<n
wgl(yizgi) =16i -8, for 1<i<mn
wil(yiq@_g) =16i —6, for 1<i<mn
wgl(yiQ4Z—_3) =16i—7, for 1<i<n

wé? (ziq2i—1) =81 — 4, for 1 <i<2n—1,0dd



wil (2iq2s) = 8i — 3, for 1<i<2n—1,0dd

wégl (ziq2i—4) = 81 — 14, for 4 <i < 2n+ 2 even

w3 (ziqoi_5) = 8i — 15, for 4 <i < 2n 4+ 2,even

a1
wiﬁ (¢iqi+1) = 4i+ 3, for 1 <i<4n—1,0dd
w:ﬁ (zizig1) =81 —5, for 1 <i<2n+1,0dd

It is not difficult to see that the set Utlil w!, = {3,4,5, ...,16n + 3} consists of
consecutive integers. Thus «; is a (3, 1)-edge antimagic vertex labeling. O

Theorem 2 Ifn > 2 then the graph St, has a super (24n + 6,0)-edge-antimagic total
labeling and a super (8n + 6,2)-edge-antimagic total labeling.

Proof. Case 1. for d =0
Label the vertices of St,, and label the edges with the following way.

ag(xiy;)) = 24n—16i+ 11, for 1 <i<n
ag(xizoi41) = 24n—16i4+8, for 1 <i<n
ag(xizei—1) = 24n—16i+ 16, for 1 <i<n
ag(xiqat) = 24n—16i+9, for 1 <i<mn
ag(xiqai—1) = 24n—16i+ 10, for 1 <i<n
ag(yiz2iye2) = 24n—16i+6, for 1 <i<n
a(yiz2i) = 24n—16i+ 14, for 1 <i<n
a2(Yiqui—2) = 24n—16i+ 12, for 1 <i<n
ao(Yiqai—3) = 24n—161+13, for 1 <i<mn
az(ziq2i—1) = 24n—8i+ 10, for 1 <i <2n —1,0dd
az(ziqei) = 24n—8i+9, for 1 <i<2n —1,0dd
ao(ziqoi—g) = 24n —8i+ 20, for 4 <i < 2n+ 2,even
a2(ziqai—5) = 24n —8i+ 21, for 4 <i < 2n+ 2,even
a2(qigi+1) = 24n—4i+3, for 1 <i<4n —1,0dd
ag(ziziy1) = 24n—8i+ 11, for 1 <7< 2n+1, odd

The total labeling as is a bijective function from V' (St,) U E(St,) onto the set
{1,2,3,...,24n+3}. The edge-weights of St,,, under the labeling aq, constitute the sets

W, = {wa, +as(zy); for 1 <i<n}
= (167 —5) + (24n — 160 + 11)
= 24n+6

w2 = {ng + ag(xi29i41); for 1 <i<n}

a2

4



(16i — 2) + (24n — 16i + 8)

24n + 6

{wiz + ag(xiz9i—1); for 1 <i<n}
(161 — 10) + (24n — 16i + 16)

24n + 6

{wﬁ@ + ao(iq4); for 1 <i < n}
(16i — 3) + (24n — 16i + 9)

24n + 6

{wfw + ao(xiqai—1); for 1 <i<n}
(16i — 4) + (24n — 16 + 10)

24n + 6

{ng + aa(yizait2); for 1 <i<n}
(163) + (24n — 16i + 6)

24n + 6

{WZQ + ao(y;z9;); for 1 <i<n}
(167 — 8) + (24n — 16i + 14)

24n + 6

{w§2 + az(yiqai—2); for 1 <i < n}
(16i — 6) + (24n — 16i + 12)

24n + 6

{w32 + aa(yiqai—3); for 1 <i <n}
(16i — 7) + (24n — 16i + 13)

24n + 6

{wig + ao(ziq2i—1); for 1 <i <2n—1 odd}
(8i — 4) + (24n — 8i + 10)

24n + 6

{wéé + OéQ(Ziq%); for 1<i<2n-—-1 Odd}
(8i — 3) + (24n — 8i +9)

24n + 6



a2

It is not difficult to see that the set |J;2, W,, ={24n+6,24n+6,...,24n+6} contains
an arithmetic sequence with the first term 24n 4 6 and common difference 0. Thus as
is a super (24n + 6, 0)-edge-antimagic total labeling. This concludes the proof.

Proof. Case 2. for d = 2
Label the vertices of St,, and label the edges of ag for super (a,2)-edge antimagic total

{we? + as(zigai—4); for 4 <i < 2n+2 even}
(8i — 14) + (24n — 8i + 20)

24n+6

{wclg + aa(ziq2i—s); for 4 <i < 2n+ 2 even}
(8i — 15) + (24n — 8i + 21)

24n +6

{wlt + as(qigit1); for 1 < i <4dn— 1 odd}
(4i +3) + (24n — 4i + 3)

24n+6

{wl + as(zizip1); for 1< < 2n+1 odd}
(8i — 5) + (24n — 8i + 11)

24n +6

labeling with the following way.

ag(ziyi)) = 8n+16i—5, for1<i<n
ag(rizoit1) = 8n+16i—2, for1<i<n
ag(xizei—1) = 8n+16i—10, for 1 <i<n
ag(xiqei) = 8n+16i—3, for 1 <i<n
ag(xiqai—1) = 8n+16i—4, for1 <i<n
as3(yizoire) = 8n+16i, for 1 <i<n
as3(yizes) = 8n+16i—38, for 1 <i<n
a3(Yiqui—2) = 8n+16i—6, for 1 <i<n
a3(Yiqai—3) = 8n+16i—7, for1<i<n
a3(zigei—1) = 8n+8i—4, for 1 <i<mn,odd
as(ziqe) = 8n+8i—3, for 1 <i<n,odd
a3(ziqei—a) = 8n+ 8 — 14, for 4 <i < n,even
a3(ziqei—s) = 8n+8i — 15, for 4 <i < n,even
as3(qigiv1) = 8n+4i+3, for 1 <i<2n+2,0dd
as3(ziziv1) = 8n+8 —5, for 1 <i<2n+ 2, 0dd



The total labeling as is a bijective function. The set {1,2,3,...,24n + 3}. The edge-
weights of St,, under the labeling as, constitute the sets:

W, (zy:) =8n+32i — 10, for 1 <i<n
W2, (i22i41) = 8n+32i—4, for 1<i<n
W3, (2iz2i-1) = 8n+32i — 20, for 1 <i<n
Wi, (iqsi) = 8n+32i — 6, for 1<i<n
W(i’g (iqai—1) =8n+32i —8, for 1 <i<n
WS, (yiz2it2) = 8n+32i, for 1<i<n
ngg (yiz2;) = 8n+32i — 16, for 1 <i<n
WS, (yiqai—2) = 8n+32i — 12, for 1 <i<n
W3, (yiqsi—3) = 8n+32i — 14, for 1<i<n
W20 (zigai—1) = 8n+16i — 8, for 1 <i< n,odd
W;;(zzqu) =8n+16¢i—6, for 1 <i<mn,odd
Wig(ziqgi_zl) = 8n + 167 — 28, for 4 <i<n,even
Wa2(2iqoi—s5) = 8n + 16i — 30, for 4 <i<n,even
Wat(gigis1) = 8n+8i+6, for 1 <i<2n+2,0dd
W22 (2i2i41) = 8n 4+ 16i — 10, for 1 <1< 2n+2,0dd
We can found the total labeling W, with summing wq, = wq, with edge label a3. It
is not difficult to see that the set Utlil I/Vot[3 ={8n+6, 8n+8, 8n+ 10 ...,40n + 6}

contains an arithmetic sequence with the first term 8n + 6 and common difference 0.

Thus ag is a super (8n + 6, 2)-edge-antimagic total labeling. This concludes the proof.
O

5 Conclusion

1. There are a super (a, d)-edge-antimagic total labeling of graph St,, if n > 2 with
de€{0,1,2}.
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